We have studied the structure of 4 He droplets doped with magnesium atoms using density functional theory. We have found that the solvation properties of this system strongly depend on the size of the 4 He droplet. For small drops, Mg resides in a deep surface state, whereas for large size drops it is fully solvated but radially delocalized in their interior. We have studied the 3s3p 1 P 1 ← 3s 2 1 S 0 transition of the dopant, and have compared our results with experimental data from laser induced fluorescence (LIF). Line broadening effects due to the coupling of dynamical deformations of the surrounding helium with the dipole excitation of the impurity are explicitly taken into account. We show that the Mg radial delocalization inside large droplets may help reconcile the apparently contradictory solvation properties of magnesium as provided by LIF and electron-impact ionization experiments. The structure of 4 He drops doped with two magnesium atoms is also studied and used to interpret the results of resonant two-photon-ionization (R2PI) and LIF experiments. We have found that the two solvated Mg atoms do not easily merge into a dimer, but rather form a weakly-bound state due to the presence of an energy barrier caused by the helium environment that keep them some 9.5Å apart, preventing the formation of the Mg 2 molecule. From this observation, we suggest that Mg atoms in 4 He drops may form, under suitable conditions, a soft "foam"-like aggregate rather than coalesce into a compact metallic cluster. Our findings are in qualitative agreement with recent R2PI experimental evidences. We predict that, contrarily, Mg atoms adsorbed in 3 He droplets do not form such metastable aggregates.
1 P 1 ← 3s 2 1 S 0 transition of the dopant, and have compared our results with experimental data from laser induced fluorescence (LIF). Line broadening effects due to the coupling of dynamical deformations of the surrounding helium with the dipole excitation of the impurity are explicitly taken into account. We show that the Mg radial delocalization inside large droplets may help reconcile the apparently contradictory solvation properties of magnesium as provided by LIF and electron-impact ionization experiments. The structure of 4 He drops doped with two magnesium atoms is also studied and used to interpret the results of resonant two-photon-ionization (R2PI) and LIF experiments. We have found that the two solvated Mg atoms do not easily merge into a dimer, but rather form a weakly-bound state due to the presence of an energy barrier caused by the helium environment that keep them some 9.5Å apart, preventing the formation of the Mg 2 molecule. From this observation, we suggest that Mg atoms in 4 He drops may form, under suitable conditions, a soft "foam"-like aggregate rather than coalesce into a compact metallic cluster. Our findings are in qualitative agreement with recent R2PI experimental evidences. We predict that, contrarily, Mg atoms adsorbed in 3 He droplets do not form such metastable aggregates. Resonant Two-Photon-Ionization (R2PI) experiments. 9 LIF experiments on the absorption and emission spectra of Mg atoms in liquid 3 He and 4 He have been reported and successfully analyzed within a vibrating atomic bubble model, where full solvation of the impurity atom is assumed. 10, 11 A more recent experiment 13 in which electron-impact ionization data from Mg doped 4 He drops with about 10 4 atoms seems to indicate that magnesium is instead at the surface of the droplet, in disagreement with the above mentioned LIF and R2PI
experiments.
There is some ambiguity associated with the notion of solvation in a helium droplet. For not too small droplets, one may consider that Mg is fully solvated when its position inside the droplet is such that its solvation energy or atomic shift do not appreciably differ from their asymptotic values in bulk liquid helium, as both quantities approach such limit fairly alongside. However, for very small drops the energy or atomic shifts of an impurity atom at the center of the drop may still differ appreciably from the bulk liquid values because there is not enough helium to saturate these quantities. This is the case, e.g., of Mg@ 4 He 50 studied in Ref. 4 .
Mella et al. 4 have discussed how the solvation properties of magnesium are affected by the number of helium atoms in small 4 He drops. Since DMC calculations cannot be extended to the very large drops involved in LIF experiments, 8 they could not carry out a detailed comparison between their calculated atomic shifts and the experiments. They also pointed out the sensitivity of the Mg solvation properties on apparently small differences in the He-Mg pair potentials available in the literature.
The aim of the present work is to re-examine the solvation of magnesium in 4 He nanodroplets from the DFT perspective, extending our previous calculations 7 down to drops with N ∼ 50 atoms and improving the DFT approach (i) by treating the dopant as a quantal particle instead of as an external field, and (ii) by fully taking into account the coupling of the dipole excitation of the impurity with the dynamical deformations of the helium around the Mg atom. Our results confirm that full solvation of a Mg atom in 4 He drops requires a minimum number of helium atoms, and disclose some unusual results for small drops. We calculate the absorption spectrum of a Mg atom attached to small and large drops, finding a good agreement with the experiments for the latter. We discuss in a qualitative way the effect of the impurity angular momentum on the electron-impact ionization yield and on the absorption spectrum. We also address the structure of a two-magnesium doped drop;
the results are used to discuss the scenario proposed by Meiwes-Broer and collaborators to interpret their experimental results on R2PI.
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This work is organized as follows. In Sec. II we briefly present our density functional approach, as well as results for the structure of Mg@ 4 He N drops. The method we have employed to obtain the atomic shifts is discussed in Sec. III, and applied to the case of Mgdoped 4 He droplets in Sec. IV. In Sec. V we study how the presence of a second magnesium atom in the droplet may alter both the helium drop structure and the calculated atomic shift. A summary is presented in Sec. VI, and some technical details of our calculations are described in the appendices.
II. DFT DESCRIPTION OF HELIUM NANODROPLETS A. Theoretical approach
In recent years, static and time-dependent density functional methods 15, 16, 17 have become increasingly popular to study inhomogeneous liquid helium systems because they provide an excellent compromise between accuracy and computational effort, allowing to address problems inaccessible to more fundamental approaches. Although DFT cannot take into account the atomic, discrete nature of these systems, it can nevertheless address highly inhomogenous helium systems at the nanoscale, 18 For the sake of comparison, we plot both potentials in Fig. 1 . Despite the apparently minor differences between these two potential curves, they cause very different solvation properties of Mg in small 4 He drops, as we will show in the following.
The energy of the Mg-helium system is written as a functional of the Mg wave function Φ(r) and the 4 He "order parameter" Ψ(r) = ρ(r), where ρ(r) is the 4 He atomic density:
In this expression, E(ρ) is the 4 He "potential energy density". 15 Minimizing E under the constraints of a given N and a normalized Mg wave function, yields the ground state of the drop-impurity complex. To address the solvation of the Mg atom, we have found it convenient to minimize E subjected to the additional constraint of a fixed distance Z 0 between the centers of mass of the helium moiety and of the impurity atom which, due to the symmetry of the problem, can both be taken on the z axis. This is done following a method -borrowed from Nuclear Physics-similar to that used to describe the fission of rotating 3 He drops. 21 Specifically, we minimize the expression
where Z is the average distance between the impurity and the center of mass of the helium droplet
λ C is an arbitrary constant. The value λ C ∼ 1000 KÅ −2 has been used in our calculations, which ensures that the desired Z 0 value is obtained within a 0.1 % accuracy.
We have solved the Euler-Lagrange equations which result from the variations with respect to Ψ * and Φ * of the constrained energy Eq. (2), namely
where µ is the helium chemical potential and ε is the lowest eigenvalue of the Schrödinger equation obeyed by the Mg atom. The above coupled equations have to be solved selfconsistently, starting from an arbitrary but reasonable choice of the unknown functions Ψ and Φ. The fields U He and U M g are defined as
In spite of the axial symmetry of the problem, we have solved the above equations in three-dimensional (3D) cartesian coordinates. Equations (4-5) have been solved for λ C = 0 and several N values, namely N = 30, 50, 100, 200, 300, 500, 1000, and 2000. This yields the ground state of the drop-impurity complex, and will allow us to study the atomic shift for selected cluster sizes. Figure 2 shows the energy of a magnesium atom in a drop, defined as the energy difference
We compare in Fig. 2 far from the regime for which it was parametrized. The DMC energy found for the same system is ∼ −168.2 K, 4 whereas our DFT result is ∼ −157.0 K, and the "asymptotic" DMC value for S 200 (Mg), −33.1 K, compares well with the DFT value, still far from the limit value corresponding to a very large helium drop (see Fig. 2 ).
The solvation properties of the Mg atom are determined by a delicate balance between the different energy terms -surface, bulk and helium-impurity-in Eq.
(1), whose contribution is hard to disentangle and depends on the number of atoms in the drop, as shown by DMC and DFT calculations. To gain more insight into the solvation process of magnesium in small 4 He droplets, we have computed the energy of the doped droplet as a function of the impurity position Z 0 .
The bottom panel in Fig. 3 shows E(Z 0 ) for N = 50, as computed using the two different Mg-He pair interactions shown in Fig. 1 (the discussion of the top panel is postponed until Sec. IV.A). It can be seen that E(Z 0 ) in both cases displays two local minima. In one case (i.e. for the sligtly less attractive potential in Fig. 1 ) a "surface" state for the Mg atom is energetically preferred, while in the other case the impurity prefers to sit in the interior to the droplet (although not exactly at its center). These results are in agreement with the DMC calculations of Ref. 4 , where it has been shown that a bimodal distributions for the Mg radial probability density function with respect to the center-of-mass of the helium moiety appears for N ≤ 30. 4 More recent DMC calculations carried out up to N ∼ 200 drops 6 seem to point out that Mg is always in a surface state, although somewhat beneath the drop surface. Our DFT calculations yield that Mg is already solvated for N = 200.
For both pair potentials, the bottom panel of Fig. 3 shows that the two local minima in E(Z 0 ) are separated by an energy barrier of about 1 K height, allowing the impurity to temporarily visit, even at the experimental temperature T ∼ 0.4 K, the less energetically favored site. This causes changes in the total energy of the system by less that 1 %, but has a large effect on the value of the atomic shift. We will address this important issue, and its consequencies on the computed spectral properties of Mg@He N in the next Sections. Figure 4 shows the helium configurations for the four stationary points displayed in Fig. 3 , namely those corresponding to Z 0 = 0, 2, 4, and 6Å. Although the preference for the surface or the solvated state depends on the He-Mg pair potential used in the calculations, similarly to the case of other alkali atoms, 7 this does not seem to be the case for the stationary points at Z 0 = 2 and 4Å that are present in both curves. We have compared in Fig. 5 the density profiles along the z axis for the Z 0 = 2(4)Å configuration with the profile of the pure 4 He drop, finding that the appearence of these stationary points is related to the position of the density peak in the first helium solvation shell with respect to a maximum(minimum) of the density of the pure drop. We see that a minimum(maximum) in the energy is associated with a constructive(destructive) interference in the oscillation pattern of the He density. We are lead to conclude that the interplay between the density oscillations already present in pure drops, and the solvation shells generated by the impurity plays an important role in the solvation properties of the Mg atom. This effect is also present, although to a lesser extent, in Ca-doped 4 He nanodroplets.
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Eventually, for larger drops Mg becomes fully solvated. We have found that this is the case whichever of these two potentials we use (see for instance the bottom panel of Fig. 6 ). The top panel of Fig. 6 shows that most of the change in ∆E takes place in the 15
A outer region of the drop, irrespective of its size. As a consequence of the flatness of E(Z 0 ), the magnesium atom is very delocalized in the radial direction even in relatively small drops. This delocalization might affect the absorption spectrum of the attached Mg atom, and also must be explicitly considered in the interpretation of the electron-impact yield experiments. 13 We address this issue in Sec. IV. 
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The line shape for electronic transitions from the ground state (gs) to the excited state (ex) in a condensed phase system can be written as
Hgs |Ψ gs ,
where D ge is the matrix element of the electric dipole operator, |Ψ gs is the ground state of the system, and H gs and H ex are the Hamiltonians that describe the ground and excited states of the system respectively.
I(ω) is evaluated using the Born-Oppenheimer approximation and the Franck-Condon principle, whereby the heavy nuclei do not change their positions or momenta during the electronic transition. If the excited electron belongs to the impurity, the helium cluster remains frozen, so that the relevant coordinate is the relative position r between the cluster and the impurity. This principle amounts to assuming that D ge is independent of the nuclear coordinates. Taking into account that e
Hgs |Ψ gs = e −itωgs |Ψ gs and projecting on eigenstates of the orbital angular momentum of the excited electron |m one obtains 
where Ω m (ω) is the surface defined by the equation
If the atom is in bulk liquid helium, or at the center of the drop, the problem has spherical symmetry and the above equation reduces to
where r m (ω) is the root of the equation ω + ω 
are the V ex m (r, [α]) potentials which define the potential energy surfaces (PES) as a function of the distance between the center-of-mass of the droplet and that of the impurity.
For spherical geometries, Eq. (12) is diagonal with matrix elements (in spherical coordinates)
In this case, two of the PES are degenerate, namely
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This holds true for r = 0, and it is relevant when we take into account the delocalization of the impurity inside the bubble due to its quantum motion. Otherwise, since at r = 0 all the λ i coincide, they are threefold degenerate.
IV. RESULTS FOR THE ABSORPTION SPECTRUM OF MAGNESIUM ATOMS
The problem of obtaining the atomic shift of magnesium in a helium drop has been thus reduced to that of the dopant in the 3D trapping potentials corresponding to the ground state and P excited states. We consider first the [α] = 0 case (i.e. no zero-point deformations of the helium cavity hosting the impurity). The general situation, in particular the homogeneous width calculation, is presented later on in this Section.
If 
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LIF experiments on the heavier alkaline earth Ca and Sr in large 4 He droplets 35 have disclosed the existence of strong blue-shifted, broad peaks with no apparent structure, although it cannot be discarded that this broad line could be a superposition of unresolved peaks. The same happens for Ba. 36 The surface location of Ca, Sr, and Ba in these drops has been further confirmed by DFT calculations. 7, 25 It is also interesting to recall that LIF experiments on Ca atoms in liquid 4 He and 3 He have found a broad line in the region of the 4s4p 1 P 1 ← 4s 2 1 S 0 transition with no apparent splitting, 37 contrarily to the case of Mg.
Since Mg is fully solvated in the N = 1000 drop, the calculated atomic shift ∆ω may be sensibly compared with the experimental data where drops with N in the 10 3 − 10 4 range are studied. We have obtained ∆ω = 659.0 cm −1 (280.0 nm wavelength); this peak nearly corresponds to the Gaussian that takes most of the intensity of the absorption line (about 87 %). 8 We have carried out a detailed analysis for this drop, determining the equilibrium structure of Mg@ 4 He 1000 as a function of Z 0 , and have used it to evaluate ∆ω. The results are displayed in Table I , showing the actual sensitivity of the absorption spectrum to the Mg atom environment.
The impurity-drop excitations will determine the homogeneous width of the spectral line, and the population of excited states may be relevant given the limit temperature attained by the droplets. 2, 12, 39 In this context, the relevant excitation modes of the helium bubble are radial oscillations of monopole type (breathing modes), and multipole shape oscillations about the equilibrium configuration, as well as displacements of the helium bubble inside the droplet. We will address these issues in the following Subsections.
A. Thermal motion and angular momentum effects
To describe the displacement of the helium bubble inside the droplet, we have fitted the E(Z 0 ) curve of the Mg@ 4 He 1000 system to a parabola, and have obtained the excitation energyhω for this 3D isotropic harmonic oscillator. The hydrodynamic mass of the impurity atom has been estimated by its bulk liquid helium value, M * ∼ 40 a.u., obtained by the method outlined in Appendix A, Eq. (A23). We findhω = 0.1 K, indicating that thermal motion, i.e., the population of the excited states of the "mean field" E(Z 0 ) is important at the experimental temperature T = 0.4 K, and may produce observable effects in the absorption spectrum and the electron-impact ionization yield.
To describe in more detail the delocalization of the Mg atom inside the drop, we have used an effective Hamiltonian where we interpret Z 0 as the radial distance R between the impurity and center of mass of the helium moiety, and E(Z 0 ) as the "potential energy"
V (R) associated with this new degree of freedom of the impurity in the drop. Namely,
where M * is the Mg hydrodynamic mass. In the canonical ensemble, the total probability distribution W as a function of R can be written as
where the partition function is defined as Q = T r e −H/k B T = nℓ (2ℓ + 1)e −E nℓ /k B T , being k B the Boltzmann constant. The radial probability density w is
This expression has been evaluated for N = 50 and 1000 by solving the Schrödinger equation for the Hamiltonian Eq. (14) to obtain the orbitals φ nℓ and eigenenergies E nℓ . For larger N values, we have used the semiclassical approximation E nℓ →p
, where the effective potential is
Integrating p R in phase space, we obtain for the probability density
with the normalization
Lacking a better choice, we have weighted any possible angular momentum value with a Boltzmann energy factor. It has been shown 30 that some of the angular momentum deposited in the droplet during the pickup process may be kept in the impurity atom, resulting in a different angular momentum distribution than the Boltzmann one. This could yield that some Mg atoms are actually closer to the drop surface.
If the angular momentum associated with the motion of the magnesium atom -whose "radius" is ∼ 5Å, see Fig. 1 -is such that Mg can be some 10Å beneath the drop surface, the shift of the absorption line would be hardly distinguishable from that of the totally solvated case -as seen in Table I . At the same time, the electron-energy dependence of the Mg + yield observed in electron impact ionization experiments 13 (and which was considered as an evidence of a surface location of Mg atoms on 4 He droplets) could indeed be due to
Penning ionization of the impurity in a collision with a metastable He * atom that occupies a surface bubble state in the drop, instead of being due to the transfer of a positive hole (He + ) to the Mg atom, which is the primary ionization mechanism when the impurity is very attractive and resides in the deep bulk of the droplet.
We show in the top panel of Fig. 3 the probability densities w(R) at T = 0.4 K corresponding to the configurations displayed in the bottom panel. 40 Similarly, the top panel of and the impurity retains some of the pick-up angular momentum, the maximum density probability of Mg is at ∼ 15Å beneath the drop surface in both cases. To obtain it, we have taken for M * the bulk value 40 a.u. As seen from Table I, the absorption line shift changes by a small 2% with respect to the R = 0 configuration. The values of the angular momentum corresponding to these maximum density probabilities are L 2 1/2 ∼ 9h and ∼ 10h, respectively. 41 For a N = 10 000 drop, 13 whose radius is R 1/2 = 47.8Å, we have extrapolated inwards the ∆E curves of the calculated N = 1000 and 2000 drops, and have obtained from it the probability distribution displayed in Fig. 6 . Its maximum is at ∼ 18.5
A beneath the surface, with L 2 1/2 ∼ 28h.
Finally, using the effective potential of Eq. (17) we have determined that for N = 1000(2000), a Mg atom with ℓ ∼ 24h(44h) is in an "equilibrium position" some 10Å
beneath the drop surface. For the N = 10 000 drop, this value is ℓ ∼ 148h. These values look reasonable, and Mg atoms holding this angular momentum or larger might thus be the origin of the primary electron-collision ionization yield by the Penning process, without questioning the conclusion drawn from LIF experiments that magnesium is fully solvated in 4 He drops.
B. Homogeneous width from shape deformations of the helium bubble
We have shown that for large drops, the Mg atom is fully solvated and its thermal motion only produces small changes in the absorption shift. This allows us to decouple the effect of the translational motion of the helium bubble on the absorption line, from that of its shape fluctuation. Moreover, we can address shape fluctuations in the much simpler spherically symetric ground state, when magnesium is located at the center of the drop.
To quantify the effect of these fluctuations, we have first used the spherical cap model 42 to estimate the excitation energies of the helium bubble around the impurity in liquid helium.
To this end, we have fitted the V Mg-He potential to a Lennard-Jones potential with depth ε = 7 K at a minimum distance r min = 5Å. Minimizing the total energy within this model yields a configuration with an equilibrium radius of R 0 = 0.97 × 2 −1/6 r min , that we approximate by R 0 = 2 −1/6 r min to obtain the excitation energies.
Deformations of the 4 He around the Mg atom are modeled as
where R is the radius of the bubble cavity hosting the solvated Mg atom, Ω represents the solid angle variables (θ, φ), Z λµ (Ω) is a real spherical harmonic, and α λµ is the amplitude of the λµ−multipole deformation. The condition R α = R 0 (1 −
4π
λµ |α λµ | 2 ) ensures the conservation of the number of particles up to second order in α λµ . The dipole mode amplitude α 1µ is absent since, for an incompressible fluid, it corresponds to a translation of the bubble, and this has been considered in the previous Subsection.
If S[R(Ω)] represents the bubble surface and σ the surface tension, the energy for a large drop can be written as
where C 0 = 8πσR 
where the real spherical harmonics are normalized as
δ λλ ′ δ µµ ′ for convenience, and the normalization K = N −1 d 3 rρ 0 [R(r, t)] ensures particle number conservation. If the Mg wave function follows adiabatically the helium density deformation, it can be shown that to second order in α λµ , the total energy of the system can be written as
being E gs the ground state energy, M * λ the hydrodynamic mass asociated with the λ mode, and E 
where α 
using a discretized representation of the delta function. 25 Finally, we have obtained the spectrum as Figure 7 shows the absorption spectrum of one Mg atom attached to 4 He 1000 in the vicinity of the 3s3p 1 P 1 ← 3s 2 1 S 0 transition when homegeneous broadening is considered.
We have decomposed the absorption line into its three components, the higher frequency component being the Σ one. The starred vertical line represents the gas-phase transition, and the experimental curve, adapted from Ref. 8, has been vertically offset for clarity. Also shown is the absorption spectrum obtained by neglecting homogeneous broadening (hatched region). This figure shows that the both the energy and width of the absorption peak that takes most of the experimental intensity are correctly described by our calculations.
V. TWO MAGNESIUM ATOMS ATTACHED TO A 4 HE DROP
The attachment of magnesium atoms in 4 He droplets has been recently addressed using resonant two-photon-ionization. 9 In particular, the authors of Ref. To confirm this scenario and find an explanation for the origin of the low energy component in the absorption peak, we have carried out DFT calculations to determine the structure of a two-magnesium doped 4 He drop. Our goal is to verify whether the helium density oscillation around a magnesium atom may result in an energy barrier preventing the Mg atoms from merging into a Mg 2 dimer, as suggested by Przystawik et al. 9 To obtain the structure of two Mg atom in a 4 He drop, we have minimized the energy of the system written as
where ). Such correction is of the order of only 1% in our case. To estimate the change in the Mg atomic polarizability due to the surrounding He, we computed, using abinitio pseudopotential calculations, the (static) polarizability of a Mg atom in the presence of an effective (mainly repulsive) potential acting on the Mg valence electrons due to the presence of the surrounding He. The effective interaction is derived from the equilibrium shape of the 4 He bubble hosting the Mg atom, as predicted by our DFT calculations, and assuming a (local) electron-He density-dependent interaction which was proposed by Cole et al. 48 We find a very small change in the static atomic polarizability α of Mg. Assuming that, roughly, C 6 ∝ α 2 we find a reduction of the C 6 coefficient of about 1-2%.
The minimisation of the total energy functional written above under the constraint of a given number of helium atoms and normalized Mg ground state wave functions should in principle yield the equilibrium configuration of the system. In practice, depending on the initial configuration, we have found several local minima, whose origin is again the One may estimate the mean life of the metastable state as
where µ * M g = M * M g /2 ∼ 20 a.u. is the hydrodynamic reduced mass of the Mg+Mg system and ∆U is the barrier height. From Fig. 10 we have that U ′′ (d eq ) ∼ 40 KÅ −2 . This yields a mean life of a few nanoseconds, which is about five to six orders of magnitude smaller than the time needed for its experimental detection. 9, 53 The mean life becomes increasingly large as the relative angular momentum L deposited into the two Mg system increases. Writing
one obtains the L−dependent energy barriers displayed in Fig. 10 . For L = 30 we have τ ∼ 0.6 µs, and for L = 40, τ ∼ 0.1 milliseconds. Thus, there is an angular momentum window that may yield mean lifes compatible with the experimental findings. Increasing L much further would produce too a distant Mg+Mg system which would correspond to a two independent Mg impurities in a drop.
To check whether this foam-like structure of the Mg aggregate also appears in 3 He drops,
we have carried out calculations for (Mg+Mg)@ 3 He 1000 using the same density functional as in Ref. 49 , and the method presented in this Section. Figure 11 shows the energy of the (Mg+Mg)@ 3 He 1000 complex as a function of d. For distances smaller than some 8.6Å we have found that the system has a tendency to collapse into a dimer -physically unreachable from our starting point, Eq. (27) . We are led to conclude that there is no barrier in the case of liquid 3 He. The configuration corresponding to the closest d we have calculated is shown in Fig. 12 .
We are now in the position to determine the effect of these weakly-bound systems on the LIF and R2PI experiments on 4 He droplets containing more than one Mg atom. Notice that the bottom right panel of Fig. 8 shows that the helium bubbles have a non-zero static quadrupole moment, whereas they are spherically symmetric for one single Mg atom in the drop. It is precisely the existence of this static quadrupole moment that causes an additional separation between the Σ and Π spectral components in the absorption spectra, which results, as a consequence of the broadening of each line, in an double-peak structure of the computed spectra, in semi-quantitative agreement with the experimental data. Details of our calculation are given in Appendix C, see Eq. (C6). Figure 13 shows such twopeak structure corresponding to the specularly symmetric configuration displayed in We finally note that we have not considered in our work another source for an additional splitting of the spectral lines of a Mg atom in the field produced by a neighboring one,
i.e. the resonant dipole-dipole interaction occurring during the electronic excitation. This effect could in principle lead to an additional (but probably small, compared with the effect discussed here) splitting of the calculated lines. An accurate determination of the dipole moment is required for a proper inclusion of this effect, which is beyond the scope of the present paper.
VI. SUMMARY
We have obtained, within DFT, the structure of 4 He droplets doped with Mg atoms and have discussed in detail the magnesium solvation properties. In agreement with previous DMC calculations, 4, 6 we have found that Mg is not fully solvated in small 4 He drops, whereas it becomes fully solvated in large droplet.
As a consequence of its interaction with the helium environment, it turns out that magnesium is radially quite delocalized inside the droplets. This large delocalization provides a way to reconcile two contradictory results on the solution of one Mg atom in a 4 He drop, namely center localization (LIF and R2PI experiments 8,9 ), and surface localization (electron-impact ionization experiments 13 ).
We have calculated the absorption spectrum of magnesium in the vicinity of the 3s3p helium. 58 It would be interesting to adapt this method to the drop geometry, since it is not simple to handle dynamical bubble distortions in a non-spherical environment, or in 3 He drops.
To explain the origin of the low energy peak in the absorption line and confirm the likely existence of soft, "foam"-like structure of Mg aggregates in 4 He drops as proposed by
Przystawik et al, 9 we have addressed the properties of two Mg atoms in 4 He 1000 and have found that indeed, Mg atoms are kept apart by the presence of helium atoms that prevent the formation of a compact Mg cluster. We have estimated that the height of the energy barrier for the formation of the Mg dimer in 4 He drops is ∼ 2−3 K, which should be enough, at the droplet experimental temperature of 0.4 K, to guarantee a relatively long lifetime to these weakly-bound Mg aggregates. We predict that, contrarily, Mg atoms adsorbed in 3 He droplets do not form such metastable states.
The presence of neighboring Mg atoms in these structures induces a static quadrupole deformation in the helium bubble accomodating a Mg atom. As a consequence, the dipole absorption line around the 3s3p 1 P 1 ← 3s 2 1 S 0 transition splits. We attribute to this static quadrupole moment the origin of the low energy peak in the absorption line, and confirm the suggestion made by the Rostock group 9 that the splitting of the absorption line, rather than being due to a dynamical (Jahn-Teller) deformation of the helium bubble, is due to the presence of more than one magnesium atom in the same droplet.
Our previous study on Ca doped helium drops 25 and the present work show that DFT is able to quantitatively address the dipole absorption of dopants in 4 He drops within the diatomics-in-molecules approach, provided the impurity-helium pair potentials are accurately determined. However, we want to point out that, while we have a consistent scenario that explains the results of LIF and R2PI experiments, the understanding of the electronimpact ionization experiment reported in Ref. 13 still requires further analysis. Indeed, since Mg atoms may be in the bulk of the drop or just beneath the drop surface, the experimental ion yield curve should reflect both possibilities, whereas apparently it does not (see We aim to describe harmonic deformations of a spherical helium bubble created by an impurity in the ground state, and have to determine the helium density ρ(r, [α(t)]) resulting from a change in the radial distance to the center of the spherical bubble induced by the [α(t)] parameters:
where the λ = 1 deformation is now introduced to allow for displacements of the bubble. We recall that the real spherical harmonics have been normalized as
with Z 00 ( r) = 1, Z 10 ( r) = cos θ, etc. The breathing mode corresponds to λ = 0, an infinitesimal translation to λ = 1 (provided the fluid is incompressible), and a quadrupolar deformation to λ = 2. To first order, the density can be written as
where from now on, the prime will denote the derivative of the function with respect to its argument.
Impurity wave function
To first order, the wave function |Φ(r, [α])| is written as
The amplitudes Φ (1) λµ (r) are determined in first order perturbation theory from the multipole expansion of the impurity-helium pair potential
which defines U
λ (r). We obtain
that shows that actually, Φ
λµ is µ independent. Once we have obtained the wave function, we can compute the energy surface V [ρ, |Φ|].
Since we describe deformations around a spherically symmetric ground state, the first order term vanishes, and the derivative g λ ≡ ∂ 2 v/∂α λµ ∂α λ ′ µ ′ is also spherically symmetric. We can evaluate the second order contribution to the collective potential energy as
which defines E
λ . The parameters [α] are the dynamical variables that describe the evolution of the system.
Velocity field potentials
Introducing the expansion S(r, t) ≡ λµαλµ (t)S λ (r)Z λµ ( r), where the dot denotes the time-derivative, the continuity equation for the liquid helium is, to first order,
Hence,
When r → ∞, the density vanishes for a drop, and approaches ρ b for the liquid. In the later case, Eq. (A12) reduces to the radial part of the Laplace equation
whose general solution isS 
which determines the boundary condition at r i :
For the liquid, the other boundary condition is that when r → ∞, the solution behaves as 
with
The field ϕ is analogously obtained after introducing the expansion ϕ(r, t) = λµαλµ (t)φ λ (r)Z λµ ( r). We have assumed that the wave function of the impurity in the ground state is a Gaussian Φ 0 (r) = A exp (−βr 2 ) whose shape has been determined by fitting it to the actual wave function, and have introduce a cutoff distance r g such that safely Φ 0 (r) = 0 if r ≥ r g . We then obtain the following differential equation to determineφ λ :
The appropriate boundary conditions are
and the solution is analytical but very involved (we have found it by using the Mathematica packpage). The dipole mode is the only exception; if λ = 1 we haveφ 1 = −r.
Kinetic energy
Once the velocity fields S(r, t) and ϕ(r, t) have been determined, the collective kinetic energy can be easily calculated to second order in the collective parameters:
which defines the hydrodynamic mass M * λ for each λ mode.
Using the continuity equations and the Gauss theorem, one can find an alternative ex-
We have checked that both expressions yield the same values for M * λ , which constitutes a test on the numerical accuracy of the method. It is easy to see from Eq. (A22) that in bulk liquid helium, the λ = 1 hydrodynamic mass coincides with that given in Ref. 59 .
Using thatφ 1 = −r, it is also easy to check from the above expressions that the impurity contribution to the λ = 1 hydrodynamic mass is just the bare mass of the Mg atom.
The sum of Eqs. (A10) and (A22) represents the Hamiltonian of a set of uncoupled harmonic oscillators whose frequency only depends on λ.
APPENDIX B
In this Appendix we work out in detail the expressions we have used to describe the homogeneous broadening of the absorption line. We consider a spherical ground state defined by a helium density ρ 0 (r) and impurity wave function Φ 0 (r), both modified by the action of the breathing mode defined in Eq. (21), namely ρ(r, α 0 ) = ρ 0 (r + α 0 ) K −1 , and Φ(r, α 0 ).
The computation of the spectra for a given α 0 can be carried out starting from Eq. (11)
wherehω(α) = ε(α 0 ) is the impurity eigenenergy and V ex i (r, α 0 ) are the PES defined by Eq. (13), where [α] reduces to α 0 . Notice that α 0 is not introduced perturbatively; it is unnecessary since this mode does not break the spherical symmetry. Next, we perturbatively introduce the modes with λ ≥ 2 to first order; Eq. (B1) becomes
where
. The first integral is zero due to the orthogonality of the spherical harmonics. To evalue the second integral, we expand ǫ i λµ (r) as a power series of r. Taken into account that the PES have a stationary point at r = 0 due to the spherical geometry -the first order term is zero-we can safely stop the expansion at the zeroth order term, since the wave function Φ(r, α 0 ) is very narrow
This equation may be interpreted as the expansion to first order of a shift in ω, so it can be written as
Thus the eigenvalues ǫ 
, and evaluating the first order contribution at r = 0 we obtain
This shows that, to first order, only quadrupolar deformations are coupled to the dipole electronic transition, and that its effect is a shift of the spectral line, as shown in Eq. (B4). 
Finally, the total spectrum is written as
APPENDIX C
In this Appendix we consider that the doped drop is cylindrically symmetric. We expand the helium density and ground state wave function into spherical harmonics with µ = 0
, with analogous definitions forΦ λ and γ λ . If β 0 ≫ β λ>0 (⇒ γ 0 ≫ γ λ>0 ), we can compute the line shape to first order in β λ>0 (γ λ>0 ); in analogy with Eq. (B2) we write
with ǫ i λ0 defined now by the potential matrix
Introducing the shape deformations defined in Eq. (A5), to first order this matrix becomes
where we have definedα 20 ≡ α 20 + β 2 C, with
These equations show that the computation of the line shape for this geometry is as in the spherical case but with a shift in the α 20 parameter.
The dipole absorption spectrum is finally obtained as
with α From bottom to top, the curves correspond to L = 0 to 50h in 10h steps. 
